Turbomachinery airfoils must perform reliably and efficiently in severe environments for prolonged periods of time. The optimal shapes of compressor and turbine airfoils have been the subject of a large body of research literature. Advances in numerical methods that allow prescribed velocity distributions for controlled diffusion and supercritical transonic operation have resulted in highly optimized airfoils and ever more efficient compression systems. Despite recent noteworthy advances in manufacturing techniques ͑e.g., electro-chemical machining, flank milling, etc.͒, finished airfoils always exhibit some deviation from their intended shape and size. The effect of such variations on compressor performance is poorly understood but generally thought to be detrimental.
Motivation
Turbomachinery airfoils must perform reliably and efficiently in severe environments for prolonged periods of time. The optimal shapes of compressor and turbine airfoils have been the subject of a large body of research literature. Advances in numerical methods that allow prescribed velocity distributions for controlled diffusion and supercritical transonic operation have resulted in highly optimized airfoils and ever more efficient compression systems. Despite recent noteworthy advances in manufacturing techniques ͑e.g., electro-chemical machining, flank milling, etc.͒, finished airfoils always exhibit some deviation from their intended shape and size. The effect of such variations on compressor performance is poorly understood but generally thought to be detrimental.
Probabilistic techniques applied to structural design and analysis have been used in the aerospace industry for more than two decades ͓1͔. In contrast, few similar endeavors have been undertaken in aerothermal analysis and design of turbomachinery components. Turbomachinery probabilistic aerothermal analysis is especially challenging because of the highly nonlinear mathematical models involved. A marked increase in computational requirements occurs in direct proportion to the physical complexity of the turbomachinery physics. Until recently, probabilistic treatments of turbomachinery aerothermal analysis and design have been deemed prohibitively expensive. The advent of relatively inexpensive parallel hardware has considerably increased the feasibility of such probabilistic studies.
In this work we present a methodology for estimating the impact of geometric variability on the aerodynamic performance of individual blade passages and, by a modeling extension, on the aerothermal performance of high-pressure axial compression systems. The methodology is applied to an integrally bladed rotor from a multistage axial compressor.
The paper is divided into three sections. The first section discusses the development of a probabilistic model for the geometric variability present in a set of compressor blade measurements. The second section illustrates the use of conventional computational fluid dynamics ͑CFD͒ analysis in combination with classical probabilistic simulation techniques to assess the impact of geometric variability on the aerodynamic performance of individual blade passages. In the third section, a probabilistic multistage mean-line compressor model is used to estimate the impact of airfoil geometric variability on overall compressor performance.
Geometric Characterization of Compressor Blade Variability
This section presents results from an application of principalcomponent analysis ͑PCA͒ to characterizing sets of compressor blade surface measurements. As discussed below, high fidelity models of geometric variability for use in probabilistic simulations can be readily constructed from the PCA results. Statistically based models of variability are clearly superior alternatives to heuristic models based on manufacturing tolerances or anecdotal evidence alone, as they represent the ''actual'' variability found in measurements.
Background.
The nominal airfoil geometry is taken to be defined by p coordinate points x j 0 R m , jϭ1, . . . ,p where m is typically 2 or 3. We consider a set of n coordinate measurements ͕x i, j R m ͉iϭ1, . . . ,n; jϭ1, . . . ,p͖ taken, for instance, with a coordinate-measuring machine. The measurements may correspond to single radial locations (mϭ2) or entire spanwise segments (mϭ3). Index j uniquely identifies specific nominal points and their measured counterparts. Similarly index i identifies a distinct set of measured points. The discrepancies in the coordinate measurements can then be expressed as
Ј ϭx i, j Ϫx j 0 , iϭ1, . . . ,n; jϭ1, . . . ,p.
Subtracting from these error vectors their ensemble average,
gives a centered set of m-dimensional vectors, ϭ͕x i, j ϭx i, j Ϫx j ͉iϭ1, . . . ,n; jϭ1, . . . ,p͖. Writing the m-dimensional measurements in vector form, X j ϭ͓x i, j T , . . . ,x n, j T ͔ T , the scatter matrix of set is given by
SϭX
T X.
The scatter matrix is related to the covariance matrix C via C ϭ(nϪ1) Ϫ1 S. It can be shown ͑see, for instance, Refs. ͓2͔ and ͓3͔͒ that the directions along which the scatter is maximized correspond to nontrivial solutions of the eigenvalue problem,
Svϭv.
(
Since S is symmetric positive definite, it has in general mp orthonormal eigenvectors v i R mp , iϭ1, . . . ,mp with corresponding real, non-negative eigenvalues i , iϭ1, . . . ,mp. By construction, the variance of the geometric data corresponding to eigenvector v i is i /(nϪ1). The eigenvector corresponding to the largest eigenvalue gives the direction along which the scatter of the data is maximized. The eigenvector corresponding to the next largest eigenvalue maximizes the scatter along a direction normal to the previous eigenvectors. It is in this sense that the eigenvectors of S are said to provide an optimal statistical basis for the decomposition of the scatter of the data.
The PCA synthesis of S can be shown to be equivalent to the singular value decomposition ͑SVD͒ of X in reduced form ͓4͔,
where ⌺ϭdiag( 1 , . . . , mp ), j ϭͱ j , jϭ1, . . . ,mp, and the columns of V are the corresponding eigenvectors of S. The standard deviation of the geometric data attributable to the ith mode is therefore i ϭ(nϪ1) Ϫ1/2 i . The columns of AϭU⌺ are called the amplitude vectors or principal components of the data set . The SVD of X is made unique by requiring that ͕ j ͖ jϭ1 mp be a nonincreasing sequence.
Application.
As an application of the PCA formalism outlined above, we consider an integrally bladed rotor ͑IBR͒ consisting of 56 blades. Surface measurements of 150 blades from four separate rotors were taken using a scanning coordinatemeasuring machine. Each blade was measured at 13 different radial locations. The scanning measurements of each radial station were condensed to 103 points corresponding to those defining the nominal airfoil sections.
For the present application, the 13 separate cross-sectional measurements were stacked together to form a three-dimensional representation of the measured portion of the blade. Using bicubic spline interpolation, the nominal geometry, as well as each measured blade, were sliced along a mid-span axial streamline path of varying radius ͑see next section͒. In addition, the coordinate values were scaled by the blade tip radius.
Using the notation introduced above, the resulting set of twodimensional centered measurement vectors can be written as n ϫmp matrix X where nϭ150, mϭ2, and pϭ103. Figure 1 shows the modal scatter fraction k /͚ iϭ1 mp i ͑decreasing͒ and the partial scatter ͚ iϭ1 k i / ͚ iϭ1 mp i ͑increasing͒ of the first six eigenmodes of S. The first mode contains 82% of the total scatter in the original measurements and it clearly dwarfs the scatter fraction of the other modes. The scatter corresponding to the second-most energetic mode is roughly eight times smaller than the first.
Figures 2 and 3 depict the outlines of the first and third eigenmodes of S applied to the baseline geometry and scaled by their respective amplitude, that is,
An additional scaling factor s has been used for plotting purposes to help distinguish the effect the eigenmodes from the mean geometry. Figure 2 indicates that the main effects of mode 1 are uniform thickening of the airfoil and azimuthal translation. Mode 3, on the other hand, exhibits a thinning of the airfoil on the suction surface away from the leading edge, with the shape of the latter being maintained. The perturbations to the airfoil nose are particularly noteworthy as the aerodynamic performance of transonic airfoils is known to be sensitive to leading-edge shape and thickness. Figure 1͑a͒ indicates that the first five modes, when combined, contain 99% of the total scatter present in the sample. The rapid decrease in relative energy of the higher modes suggests that a reduced-order model containing only the first few modes may be sufficient to represent most of the geometric variability contained in the original set of measurements.
The above description of modes 1 and 3 would suggest a decomposition into customary geometric features of known aerodynamic and structural importance. Table 1 summarizes percent changes in maximum thickness, maximum camber, leading-edge radius, chord length and cross-sectional area, as well as trailingedge deflection angles, for the first six eigenmodes. In computing the parameters shown in the table, the modes were not scaled (s ϭ1) and a positive amplitude was assumed.
1 The row labeled ''mean'' contains the changes corresponding to the average airfoil x. From Table 1 , no single mode produces a dominant change in a particular feature; rather, each mode contributes to changes in all features. It follows that, in characterizing actual geometric variability, checking only for compliance of individual design tolerances based on customary geometric features may not be effective since these features show strong correlation.
PCA Results versus Number of Samples.
In the application of PCA to compressor rotor blade measurements discussed above, all available samples ͑150͒ were used in the analysis. This section discusses how PCA results ͑covariance matrix eigenvalues͒ vary according to the number of samples being considered. Given n measurement samples, there are ( k n ) different ways of selecting kрn among them.
2 Figure 4 depicts convergence trends of the first three eigenvalues of the covariance matrix for k measured samples. The average value and standard deviation of each eigenvalue are computed from min͓( k n ),10 4 ͔ random permutations of the indices ͕1¯n͖. For each random permutation, the eigenvalues of the covariance matrix of the corresponding indexed measurements is computed via singular value decomposition. In Fig. 4 the average eigenvalues are shown as solid lines and a 2 interval about the mean by dash-dot lines. The uncertainty of the first covariance matrix eigenvalue is very large for small sample sizes and decreases monotonically as the sample size is increased. Since the Ϯ2 bands are approximately the 95% confidence bands, the figures suggest that at least 130 blades would be required to have 95% confidence that the dominant eigenvalues deviate from their kϭn value by no more than 10% of the total variance. A reduced-order model of the geometric variability present in can be motivated as follows. Let Z i , iϭ1, . . . ,mp be independent, identically distributed random variables from N(0,1) ͑normally distributed with zero mean and variance 1͒. By linearity, the random vector 1 Geometric parameters computed with XFOIL ͓5͔.
The total variance of the blade population is defined as ͚ iϭ1 mp i 2 and for the data presented here it is roughly 1.2ϫ10 Ϫ5 . has mean x 0 ϩx and the same unbiased estimator of total variance as the set of measurements . This suggests a reduced-order model of the form
where KϽmp is a free truncation parameter. For large enough n, as K increases the total variance of X approaches that of X. In fact, the total scatter of a finite set of instances of X is bounded by
3 Impact of Geometric Variability On Blade Passage Aerodynamics 3.1 Blade Passage Analysis: MISES. The transonic compressor blade analysis was carried out using MISES ͑multiple blade interacting streamtube Euler solver͒, an interactive viscous flow analysis package ͓7͔ widely used in turbomachinery analysis and design. MISES' flow solver, ISES can be used to analyze and design single-or multielement airfoils over a wide range of flow conditions. ISES incorporates a zonal approach in which the inviscid part of the flow is described by the projection of the steadystate three-dimensional ͑3D͒ Euler equations onto an axisymmetric stream surface of variable thickness and radius. The resulting two-dimensional equations are discretized in conservative form over a streamline grid. The viscous parts of the flow ͑boundary layers and wake͒ are modeled by a two-equation integral boundary layer formulation ͓8͔. The viscous and inviscid parts of the flowfield are coupled through the displacement thickness and the resulting nonlinear system of equations is solved using the Newton-Raphson method ͓9͔. A feature of MISES that is particularly relevant to probabilistic analysis is its speed. For the cases reported herein, typical execution times are three to ten sec per trial on a 1.8-GHz Pentium 4 processor.
The aerodynamic performance of an isolated compressor rotor passage may be summarized by the changes in total enthalpy and entropy in the flow across the passage, i.e., the amount of work done on the fluid and the losses accrued in the process. The dependence of total enthalpy change, ⌬h t , on tangential momentum changes across the blade row is described by the Euler turbine equation,
where , r, and u denote wheel speed, radius, and axial flow velocity, and the subscripts 1 and 2 denote inlet and exit, respectively. For small radial variation and axial velocity ratio (u 2 /u 1 ) near unity, the enthalpy change depends primarily on the amount of flow turning, ª␤ 2 Ϫ␤ 1 .
An appropriate choice for a measure of loss in an adiabatic machine is entropy generation ͓10͔. The increase in entropy results in a decrease of the stagnation pressure rise when compared with the ideal ͑isentropic͒ value. In what follows, the loss coefficient is defined as the drop in total pressure at the passage exit scaled by the inlet dynamic pressure,
Here p T 2 0 is the ideal ͑isentropic͒ total pressure at the passage exit and p T 2 is the mass-averaged total pressure at the passage exit. Details of MISES' cascade loss calculation can be found in Appendix C of Ref. ͓9͔. 
Probabilistic Analysis.
Computed loss coefficient and turning values are taken to be functions of n independent variables representing the geometry of the flow passage and m variables representing other flow parameters, ϭ͑x,y ͒, ϭ͑x,y ͒, where xR n denotes the vector of geometric parameters and y R m contains the remaining parameters. Both and are deterministic functions of x and y, i.e., for given x and y, there is a unique corresponding value of .
Consider next a continuous random vector X with joint probability density function f X . For fixed flow parameters y, the expected value of (X,y) is defined by
and the variance of (X,y) is given by 2 ªVar͑͑X,y ͒͒ϭE
Similar expressions follow for mean and variance 2 of turning.
In general, the functional dependence of on the geometric parameters x is too involved to allow for a closed form evaluation of the integrals in definitions ͑6͒ and ͑7͒. However, numerical approximations can be obtained via probabilistic analysis techniques. One such technique, the Monte Carlo method ͓11-13͔, is applied here to estimating the effect of geometric and inlet flow condition variability. Garzon and Darmofal ͓14͔ applied and compared other probabilistic analysis techniques ͑e.g., response surface methodology, probabilistic quadrature͒ to assessing the impact of geometric variability on aerodynamic performance. In that investigation, while the mean aerodynamic performance could be reasonably estimated using lower-fidelity probabilistic analysis techniques, the accurate prediction of the aerodynamic performance variability required Monte Carlo simulations ͑MCS͒. Thus, in the present work, we rely solely on Monte Carlo simulations for probabilistic analysis.
One of the attractive features of MCS is that parallelization of concurrent calculations can be readily implemented in shared memory parallel computers as well as across networks of heterogeneous workstations. In the present context, each function evaluation consisted of grid generation, flow-field analysis and postprocessing steps that were automated and parallelized using command scripts. All probabilistic simulations reported in this paper were carried out on a 10-node Beowulf cluster at the MIT Aerospace Computational Design Laboratory. Each node was equipped with dual 1.8-GHz Xeon processors. For the present application, 2000 trials required about one hour of computing time using all ten nodes.
3.3 Application. The nominal rotor reported here was part of the sixth stage from an experimental core axial compression system. The following operating conditions were assumed in the through-flow analysis: mass flow rate of 20 kg/sec, wheel speed of 1200 rad/sec (U tip ϭ301 m/sec) and axial inlet flow ͑no swirl͒. In addition, the stage inlet static temperature and pressure were taken to be 390 K and 200 kPa resulting in an inlet Mach number of 0.43.
The axisymmetric viscous flow package MTFLOW was used to perform the initial through-flow calculation. MTFLOW implements a meridional streamline grid discretization of the axisymmetric Euler equations in conservative form. Total enthalpy at discrete flow field locations and constant mass along each streamtube are prescribed directly. The localized effects of swirl, entropy generation, and blockage due to rotating or static blade rows can also be modeled ͓15,16͔.
The inlet relative Mach number and flow angle were taken to be 0.90 and 62.6 degrees, respectively, and the Reynolds number based on inlet tip radius was 3ϫ10 6 . Figure 5 shows the pressure distribution on the suction and pressure surfaces of the airfoil. After a short precompression entry region, a shock appears on the suction surface followed by mild compression until about twothirds of the chord length; from there the flow is further decelerated until the trailing edge is reached. On the concave side, an adverse pressure gradient exists until about midchord, followed by a plateau. The baseline loss coefficient and turning were computed by MISES to be 0.027 and 14.40 degrees, respectively.
The noise model employed in the probabilistic analysis is the PCA-based model described in a previous section. The model is defined by Eq. ͑4͒. The convergence criterion used for the Monte Carlo simulations was
where the superscripts indicate the number of samples taken. In the present study, ϭ10 Ϫ5 and nϭ10 were used. Results from numerical experimentation suggested that Nϭ2000 trials were typically sufficient to achieve the required tolerance for the case reported here. Figure 6 shows histograms of loss coefficient and turning. The abscissa represents the values of the output variable, while the ordinate indicates the relative number of trials that fall within each of the equal-length intervals subdividing the abscissa. In the limit of large number of trials, N→ϱ, the outline of the histogram bar plot approaches the continuous distribution of the output variable. The two vertical dashed lines indicate the nominal ͑baseline͒ and mean values. The estimated mean loss coefficient is about 4% higher than the baseline ͑noiseless͒ value, while the mean turning is about 1% lower than nominal. The standard deviation of loss coefficient is 0.0008, which is less than 3% of the mean loss. For the turning, the standard deviation is 0.087 degrees which is only about 0.6% of the mean turning.
The small impact of geometric variability on aerodynamic performance is not surprising given the small geometric variability present in the measurement samples. Production airfoils, manufactured with processes that are less tightly controlled than the current flank-milled IBR case, should be expected to exhibit higher levels of geometric variability. The Appendix illustrates the differences in shape variability between two IBR manufactured with point and flank milling, respectively. As discussed in the Appendix, the flank-milled IBR data being studied has approximately ten times less variability than can occur in other common manufacturing processes.
To explore the impact of increased manufacturing noise amplitude on the aerodynamic performance statistics, a series of Monte Transactions of the ASME Carlo simulations were performed with various levels of geometric noise. In those simulations, the geometric noise model was modified to take the form
where a is a geometric variability amplitude. Figure 7 summarizes the Monte Carlo estimates of mean and standard deviation of the outputs of interest for aϭ1, . . . ,8. In the figure, the horizontal dashed line indicates the loss and turning corresponding to the average geometry, x 0 ϩx. Similarly, the baseline loss and turning are indicated by solid lines. At the original noise level, aϭ1, the impact of the average geometry dominates the difference in loss coefficient and turning from the baseline values, i.e., the geometric variability about the average geometry has little effect on the ''mean shift.'' For a noise amplitude of aϭ2, the effect of the geometric variability becomes noticeable; in the case of the loss coefficient, the noise contributes about half of the total shift. For aϭ4, the contribution of the average geometry to turning mean shift is about half of the total. For aϾ4, the shift from nominal in both loss and turning is dominated by the variability of the blade measurements, rather than by the average geometry. At aϭ5 the loss mean shift is about 23% of the nominal value, an increase of a factor of six from aϭ1. The standard deviation of loss coefficient increased by a factor of 6 from 0.0008 at aϭ1 to 0.005 at aϭ5. The turning mean shift at aϭ5 is roughly twice as large as the baseline value, while the standard deviation of turning increased by a factor of 5. One implication of the increase in relative importance of the scatter is that controlling the manufacturing process by ''re-centering'' the target geometry may not be sufficient to effectively improve the mean performance.
The mean loss coefficient and turning depicted in Fig. 7 do not vary linearly with geometric noise amplitude in the vicinity of a ϭ1. Rather the amount of curvature indicates a higher-order dependence. The increase in loss and turning variability-a measured by their estimated standard deviation-increases nearly linearly with geometric noise amplitude, at the approximate rates of 0.001/a for loss and 0.1/a degrees for turning. This behavior can be explained by considering a quadratic approximation to the loss coefficient; namely,
where x is a noise variable. In particular, consider a centered normal variable XN(0,a X 2 ) where a is the noise amplitude multiplying X . Then, the expected value of is
Thus the mean-shift in loss coefficient is seen to depend quadratically on the amplitude of the noise. The variance of the assumed quadratic loss is
The nondimensional quantity c 2 a X /c 1 , is the ratio of the change in loss due to the quadratic term relative to the linear term for a 1Ϫ ͑after amplification by a͒ noise. Thus if the impact of the quadratic terms at this noise level is small compared to the linear terms, we would expect to see a largely linear dependence on the standard deviation of the loss with respect to the noise amplitude a. This linear dependence on a of the standard deviation of the turning angle is clearly seen in Fig. 9 . The loss standard deviation is also fairly linear, but some curvature can be seen indicating that the quadratic terms are more important in the loss behavior. Further understanding of how the amplitude of the noise impacts the cascade aerodynamic performance can be seen in Fig. 8 and 9 which show the cumulative distribution functions ͑CDF͒ 4 of loss and turning for values of a ranging from 1 to 8. The 4 The distribution function F:TR‫͔1,0͓ۋ‬ of a random variable X is defined by F(b)ϭ P͕Xрb͖, i.e., the probability that X takes on a value smaller than or equal to b. Figure 8 shows how the high-end ''tails'' of the loss distributions become thicker as a increases. For aϭ1 the probability that the loss coefficient will take on values smaller than nominal is only about 15%, while at aϭ8 that probability has dropped nearly to zero. By comparison, the behavior of the turning distribution with increasing noise amplitude does not show a significant impact on mean turning ͑Fig. 9͒. The CDF of turning seem to all cross in the vicinity of the nominal value, indicating that the mean shift is small compared to the variability. This behavior of loss and turning has been consistently observed in a variety of compressor applications studied previously ͓17͔. In particular, the mean loss is always increased as a result of geometric variability while the mean turning is relatively unaffected.
The impact of geometric variability on boundary layer thickness is illustrated in Fig. 10 for noise level aϭ5. The figure shows nominal and mean momentum thickness (/c) on the suction and pressure sides ͑indicated in the plots by SS and PS, respectively͒. The dashed and dot-dashed lines indicate the nominal valuesi.e., without geometric noise-while the solid lines indicate the mean values from Monte Carlo simulation. The error bars indicate to a one-standard-deviation interval about the mean. The discrepancy between nominal and mean momentum thickness values is more pronounced on the pressure side, as is its variability. The growth in mean momentum thickness relative to the nominal is seen to occur most significantly at the leading edge ͑notably at about 5% chord͒ on the pressure surface.
As discussed by Cumpsty ͓18͔, 5 the momentum thickness itself does not necessarily point to the mechanism by which losses are created. A more appropriate quantity to consider is the boundary layer dissipation coefficient, defined by
where stands for shear stress, U e is the boundary layer edge velocity, stands for density, ␦ is the boundary layer thickness, and u is the component of the flow velocity along the dominant flow direction x ͑here x and its normal complement y are boundary layer coordinates͒. As shown by Denton ͓10͔ the cumulative value of U e 3 C d Ј over the interval 0рxЈрx,
is a measure of the rate of entropy generation per unit span 6 in the boundary layer. Figure 11 shows cumulative values of U e 3 C d Ј as per Eq. ͑10͒ at geometric noise level aϭ5. The rate of entropy generation is about three times higher on the suction side than on the pressure side. The nominal-to-mean shift is more pronounced on the pressure side, as is the variability. As shown in the figure, the mean shift and variability in entropy generation rate increase rapidly in the first 10% chord and change little aft of the 25% chord location. This indicates that loss variability is accrued primarily at the leading edge and agrees with the observed growth of mean momentum thickness in this region. While the PCA-based probabilistic model optimally describes the geometric variability, the impact of the geometric modes on the aerodynamic performance depends not only on the magnitude of the underlying geometric variability, but also on their aerodynamic sensitivity to that geometric perturbation. To quantify the relative importance of the PCA modes on aerodynamic performance, we have performed Monte Carlo simulations with increasing values of K ͑i.e., increasing numbers of PCA modes͒. Figure  12 presents statistics of loss and turning according to the number of PCA modes used in the geometric noise model ͑denoted K in Eq. ͑8͒͒ for noise amplitude aϭ5. For each value of K, a Monte Carlo simulation with Nϭ5000 trials was performed. Baseline 5 Section 1.5; see also Denton ͓10͔. 6 It is assumed here that the process takes place at constant temperature. and average-geometry values are denoted by constant dashed lines, while the values corresponding to Kϭmp ͑all modes͒ are shown by a solid line. The average-geometry contribution to mean loss constitutes a relatively small fraction of the total shift from nominal, as pointed out earlier. The geometric scatter of the first six modes is responsible for about 90% of the total mean shift in loss coefficient. Similarly, the first six modes taken together produce close to 90% of the turning mean shift obtained when all modes are considered. The first six modes are also the most influential on loss coefficient variability, as indicated by its standard deviation plot. The first two modes clearly dominate turning angle variability. Table 2 shows the percent differences between the statistics of the reduced-order and full-model simulations. Using only the first PCA mode, mean loss is underpredicted by 15% and the error in standard deviation of loss and turning is 56 and 71%, respectively. It takes 15 modes to reduce the error in standard deviation of loss coefficient to 7%. Beyond Kϭ15, comparisons stop being meaningful due to lack of resolution in the Monte Carlo simulation.
Effect of Geometric Variability on Overall Compressor Performance
In this section, the impact of airfoil geometry variability on overall compressor performance is estimated. Compressor efficiency and pressure ratio are obtained by exercising a multistage mean-line compressor model in combination with probabilistic loss and turning models for the IBR blade discussed above.
A compressor stage mean-line model was derived from the following two observations. First, given the rotor total pressure loss coefficient r , the flow turning r , the outlet area, and the upstream flow conditions, the rotor outlet state is described by the nonlinear system
HªV 2 ͓sin ␣ 2 ϩcos ␣ 2 tan͑␤ 1 Ϫ r ͔͒Ϫr 2 ϭ0,
where
In the above equations, P, T, M, A, and R stand for temperature, pressure, Mach number, area, and gas constant, respectively; ␣ denotes absolute and ␤ relative flow angles; the subscripts 1, 2, and 3 denote rotor inlet, rotor exit/stator inlet, and stator exit; and the subscripts T and R denote ''total'' and ''relative'' quantities, respectively; stands for wheel speed, ṁ for mass flow rate, and r for radius. The stator is described by similar equations with ϭ0, loss coefficient s , and turning s . Equations ͑11͒-͑13͒ form a nonlinear system in the variables ⌬T T , M 2 , and ␣ 2 , which was solved numerically using a Newton-Raphson solver. Equation ͑11͒ is simply a restatement of the Euler turbine equation for calorically perfect gases. Equation ͑12͒ is the flow parameter formula for quasi-one-dimensional flow of calorically perfect gases ͑Fligner's formula͒. Equation ͑13͒ states that the absolute and relative tangential velocities are related via the wheel speed.
The probabilistic mean-line calculations estimate only the impact of blade-to blade flow variability-caused by geometric noise-on compressor performance. Geometric variability leading to three dimensional flow effects ͑e.g., tip-clearance leakage, partspan losses, off-design radial imbalances, end-wall losses, etc.͒ are not considered. The present approach therefore is likely to underestimate the performance variability of actual compressors in the presence of geometric variability.
Loss Coefficient and Turning Angle Models.
Conceptually, the loss coefficient and turning angle obtained from blade passage analyses may be taken to be deterministic functions of various geometric and flow parameters such as inlet flow angle, inlet Mach number, etc. In particular, let ϭ͑␣,x͒ and ϭ͑␣,x͒, where ␣ is inlet flow incidence and x is a vector of parameters describing amplitudes of geometric noise modes such as those described above. In the present application, ''incidence'' is taken to mean the difference between the nominal inlet flow angle ͑here the minimum-loss angle͒ and the actual flow angle of the incoming stream. Other geometric and flow parameters are assumed to be fixed and their functional dependence is not explicitly modeled. Furthermore, we separate into nominal and noise terms, ͑␣,x͒ϭ 0 ͑ ␣͒ϩ⌬͑␣,x͒,
then define
In general ⌬ (␣) and 2 (␣) may not be available in closed form. Instead, let ⌬ (␣) and 2 (␣) be models of loss ''mean shift'' ͑i.e., the difference between loss variance, respectively. Then
For fixed ␣, it is further assumed that ⌬(␣,X) is normally distributed; that is, ⌬͑␣,X ͒N͑ ⌬ ͑ ␣͒, 2 ͑ ␣͒͒.
Models of ⌬ (␣), 2 (␣), ⌬ (␣), and 2 (␣) were obtained from computed statistics of loss and turning at fixed values of incidence for isolated blade passages using the MISES blade passage analysis in a Monte Carlo simulation. Finally, an identical argument was applied to obtaining models for turning angle. Figure 13 shows loss coefficient MCS results. The geometric noise assumed in the simulations was the PCA-based model as before, with noise amplitude aϭ5. The output statistics were computed for each fixed value of ␣ from Nϭ2000 trials. In Fig.  13 , the solid line connects the computed nominal loss coefficient ͑i.e., in the absence of geometric noise͒; the dash-dot line connects the values computed for the average-geometry airfoil; the dashed line indicates the MCS mean values; and the error bars show two-standard-deviation intervals centered at the mean. The figure shows a typical ''loss bucket'' shape with minimum nominal loss approximately at zero incidence. The loss coefficient increases more steeply for positive values of incidence as does its variability. No points are plotted for ␣Ͼ1 degree where numerical convergence of the Monte Carlo simulations was deficient ͑less than 80% of the MISES' runs in the Monte Carlo simulation converged͒.
The computed data points illustrated above are used to define piecewise-cubic interpolating splines with zero-second-derivative end conditions. To avoid dangerous extrapolation outside the incidence range for which computed data points were available, additional points were added at ␣ϭ2, 3, and 4 by linearly extrapolating the nominal loss and turning and replicating the meanshift and variance values corresponding to the highest computed ␣.
Probabilistic Six-Stage Compressor Model.
The starting point for the probabilistic analysis was a six-stage compressor model with nominal pressure ratio 0 ϭ10.8 and polytropic efficiency e 0 ϭ0.96. The nominal rotor and stator loss coefficients were r ϭ s ϭ0.03, and the nominal rotor turning was r ϭ14.4 deg. The high nominal efficiency is due to the absence of end-wall and tip-clearance losses in the model.
Stator nominal loss and turning, as well as their mean shift and standard deviation, were taken directly from the IBR incidence models discussed above. Stators are generally required to produce more flow turning than rotors. Therefore it should be expected that the stators will exhibit higher exit flow variability ͑e.g., more flow deflection͒ than the rotor. As a conservative estimate the same nominal, mean-shift and variance models for loss coefficient were used for the stator and for the rotor. The stator turning variability model was obtained by scaling the rotor model to the stator nominal turning-effectively using the same standard-deviation versus incidence model as for the rotor.
Monte Carlo simulation results (Nϭ2000) show a 0.2% drop Transactions of the ASME from nominal polytropic efficiency to the mean value, and a 0.5% decrease in total pressure ratio for the base noise level. At the baseline noise level the primary contribution to performance deviations comes from the average geometry rather than from the geometric variability.
The geometric variability present in the IBR coordinate measurements is quite small, due to the use of a highly controlled manufacturing process. The ''small'' geometric noise in the measurements translates to small loss and turning variability, which in turn result in small compressor performance uncertainty: the standard deviation of polytropic efficiency and pressure ratio are 0.04% and 0.02, respectively. The impact of increased noise level is reported next.
Impact of Geometric Noise Amplitude.
Presumably, as the amount of geometric variability increases, so should its impact on compressor performance. This subsection attempts to quantify that trend within the limitations of the current mean-line model. Table 3 summarizes the polytropic efficiency and overall pressure ratio statistics for three noise variability levels: aϭ1, 2, and 5.
For aϭ2, the mean shift in polytropic efficiency and pressure ratio are 0.3% and 0.7%, respectively. The standard deviation of polytropic efficiency increases roughly by a factor of 2 when compared with its aϭ1 counterpart. At the aϭ5 level, the standard deviation of efficiency has risen to about 0.2%, a sevenfold increase from aϭ1. At this level of noise, the mean shift in polytropic efficiency also becomes noticeable at ϳ1% from nominal. When comparing the impact of geometric noise amplitude on pressure ratio variability, the increase is nearly linear with noise level, i.e., compared with the aϭ1 case, the standard deviation of pressure ratio at aϭ2 increases by a factor of 2 and at aϭ5 by a factor of 6.
Multiple-Blade Rows.
In the calculations reported above, it was assumed that for a given bladed row, all passages behaved identically, i.e., that a single passage can be considered to represent each bladed row. In this section, multiple passages per blade row are considered. Loss and turning values for each passage are sampled from a normal distribution according to inlet incidence. Thus, for each passage instance, loss and turning values are in general different but have the same statistics prescribed by the loss and turning models. The corresponding system of stage equations ͓Eqs. ͑11͒-͑13͔͒ is solved for each passage. The outlet conditions are area-averaged to initialize the inlet conditions of the next rotor or stator and the calculation is marched through the compressor. Table 4 shows polytropic efficiency and pressure ratio statistics for the six-stage compressor model reported above but with 80 independent blades per row ͑rotor or stator͒. Statistics for three levels of geometric variability are reported. In comparing Table 4 to Table 3 , it is seen that at aϭ1, the mean shifts for the baseline multiple-blade calculation are the same as for the single-blade case. The efficiency and pressure ratio standard deviations in the multiple-blade case are 13 and 77% lower, respectively, than in the single-blade case. At the aϭ5 noise level the efficiency mean shift is one percentage point, in contrast the 1.2% drop seen with the single-blade calculation. The standard deviations of efficiency and pressure ratio have decreased by 30 and 75%, respectively, compared to the single-blade results. The reduction in efficiency and pressure ratio mean shift can be explained in part by considering a deterministic compressor with loss and turning given by the mean values obtained from Monte Carlo simulation. As the number of blade passages is increased, the mean values of efficiency and pressure ratio converge to those obtained for mean loss and turning models. Table 5 shows the resulting polytropic efficiency and pressure ratio values using mean loss and turning for the three noise levels considered. Comparing the values in Table 5 to the mean polytropic efficiency and pressure ratio in Table 4 and taking into account their reduced variability, it can be concluded that the contribution of the mean values of loss and turning ͑for given incidence͒ dominates the mean shifts of polytropic efficiency and pressure ratio.
Conclusions
In this paper, we developed and applied a probabilistic methodology to quantify the impact of geometric variability on compressor aerodynamic performance. The methodology utilizes a principal-component analysis ͑PCA͒ to derive a high-fidelity probabilistic model of airfoil geometric variability. This probabilistic blade geometry model is then combined with a compressible, viscous blade-passage analysis to estimate the aerodynamic performance statistics using Monte Carlo simulation. Finally, a probabilistic mean-line multistage compressor model, with probabilistic loss and turning models from the blade-passage analysis, is developed to quantify the impact of the blade variability on compressor efficiency and pressure ratio.
The methodology was applied to a flank-milled integrally bladed rotor ͑IBR͒ with blade surface measurements taken by a coordinate measuring machine. The PCA model of the geometric variability demonstrates that 99% of the geometric scatter can be modeled with approximately the five strongest PCA modes. However, subsequent aerodynamic analysis of the blade passage demonstrates that approximately 15 modes are needed to model 99% of the overall aerodynamic impact on loss and turning.
At the blade passage level, the overall impact of the variability in the flank-milled IBR was found to be very low causing only a 4% shift ͑i.e., increase͒ of the mean loss compared to the loss of the design-intent blade, and an even smaller impact on the mean turning. The source of the change in mean performance was attributed to variability in the loss and turning. However, comparisons of the level of geometric variability in the flank-milled IBR data to other manufactured blades showed the flank-milled data in this study to have at least five times less variability than commonly observed in other situations. Thus a study of the aerodynamic impact of the variability was also performed at increased noise levels. At five times the actual IBR geometric noise level ͑which is considered representative of many manufacturing processes͒, the mean loss was approximately 20% larger than the nominal loss. In particular, for this application we note that:
• The majority of the mean shift in loss arises from the blade variability and only a small portion is due to errors in the mean geometry. Thus simply re-targeting the manufacturing process will not have a substantial impact on the mean aerodynamic performance of the blades.
• The major source of the increased mean and variance of the passage loss can be traced to the leading-edge of the blade, specifically in the first 5% of the chord on the pressure surface. In this region, substantial increases in mean dissipation and subsequently boundary layer momentum thickness were observed as a result of the geometric variability.
• Mean turning is not greatly impacted by geometric variability. At all the noise levels studied, the mean turning is similar to the nominal blade turning, though the variation of the turning increases with geometric noise level.
The impact of the blade variability was then studied for a multistage compressor using a mean-line model for a notional sixstage compressor. As observed in the blade-passage analysis, the actual noise in the flank-milled data has a small impact on the compressor efficiency ͑a 0.3% decrease in mean efficiency from nominal͒ and pressure ratio ͑a 0.7% decrease in mean pressure ratio from nominal͒. However, at the fivefold geometric noise level, the compressor mean efficiency drops by 1% indicating that geometric variability could have a significant impact on the compressor performance. Furthermore, the majority of this mean shift in compressor efficiency can be accounted for by the mean shift in the passage aerodynamic behavior.
Future work will include studies of other blades including those with larger manufacturing variability. Also, three-dimensional effects such as tip clearance are currently being investigated. Finally, robust aerothermal blade design has been applied to mitigate the impact of the geometric variability and will be reported in subsequent publications ͓17͔.
Appendix: Comparison With Production Manufacturing Variability
The flank-milled IBR considered in the main text exhibited geometric variability which is uncommonly low for production hardware. Point milling is a well understood and widely used method for manufacturing compressor blades. In this technique, a ball cutter removes material from a block of metal following computer-controlled paths. The main disadvantages of point milling are the time required to cut an entire blade surface in several passes and the resulting scalloped surface finish ͓19͔. An alternative to point milling that is starting to become practical is flank milling, whereby a conical tool is used to cut the entire surface of a blade from the blank material in a single pass ͓19͔. Flank milling poses a more challenging tool control problem than point milling, but can potentially be more time and cost effective. Another advantage of flank milling is that it produces a better surface finish than point milling, requiring less time for surface polishing. The geometric measurements reported above corresponded to an IBR manufactured via tightly controlled flank milling. Figure 14 shows plots of measured deviations of two production compressor rotor blades, one manufactured with point milling and the other with flank milling. Deviations in chord length and Transactions of the ASME leading-edge thickness at various spanwise locations are shown. The deviations have been scaled with respect to the nominal spanwise average chord. Largest positive and negative deviations at each spanwise station are indicated by dashed lines, which in turn provides a rough measure of variability in each measured dimension. Table 6 shows maximum deviations ͑per unit chord͒ intervals in chord length, leading and trailing-edge thickness for the measurements shown in Fig. 14 . The point-milled IBR exhibits roughly 18 times more variability in chord length than the flankmilled rotor. The variability in LE and TE thickness measurements for the point-milled IBR is roughly six times that of the flank-milled rotor. This comparison provides a justification for the higher geometric variability levels considered in the main text. 
